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We introduce a shortcut to the adiabatic gate teleportation model of quantum computation. More specifically,
we determine fast local counter-diabatic Hamiltonians able to implement teleportation as a universal compu-
tational primitive. In this scenario, we provide the counter-diabatic driving for arbitrary n-qubit gates, which
allows to achieve universality through a variety of gate sets. Remarkably, our approach maps the superadiabatic
Hamiltonian HSA for an arbitrary n-qubit gate teleportation into the implementation of a rotated superadiabatic
dynamics of an n-qubit state teleportation. This result is rather general, with the speed of the evolution only
dictated by the quantum speed limit. In particular, we analyze the energetic cost for different Hamiltonian
interpolations in the context of the energy-time complementarity.
PACS numbers: 03.67.Ac 03.67.Hk
I. INTRODUCTION
Quantum teleportation [1] is a valuable tool for a number
of quantum tasks. In quantum communication, it makes avail-
able a quantum channel for transmission of unknown states
between two agents (Alice and Bob) separated by a large dis-
tance (currently more than 100 km in optical fibers [2] or 143
km in a free-space link [3]). In quantum information process-
ing, quantum teleportation can be applied as a primitive for
universal quantum computation (QC), as remarkably shown
by Gottesman and Chuang in Ref. [4]. In this approach, a
third party (Charlie) provides rotated Bell states to Alice and
Bob, who can implement universal QC by solely performing
single-qubit operations and Bell measurements. In particular,
this method is a precursor of the paradigm of measurement-
based QC (see, e.g., Ref. [5]). More recently, QC via quan-
tum teleportation has been formulated via adiabatic evolution
by Bacon and Flammia [6], providing a hybrid approach for
QC (see also Ref. [7] for an alternative adiabatic hybrid ap-
proach). In this scenario, a quantum circuit can be mapped in a
sequence of piecewise Hamiltonian evolutions implementing
single- and double-gate teleportation protocols, allowing for
universality through the set of one-qubit rotations joint with
an entangling two-qubit gate [8, 9] . However, since these
processes are ruled by the adiabatic approximation, it turns
out that each gate of the adiabatic circuit will be implemented
within some fixed probability (for a finite evolution time).
Moreover, the time for performing each individual gate will
be bounded from below by the adiabatic time condition [10] .
In order to speed up the adiabatic evolution in the Bacon-
Flammia hybrid model, we propose here a general shortcut
to adiabatic gate teleportation via counter-diabatic assistant
Hamiltonians within the framework of the superadiabatic the-
ory [11–14]. In particular, we introduce the concept of su-
peradiabatic gate teleportation, showing that it can be used as
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a fast primitive for universal QC. The use of superadiabatic
evolutions for universal QC via local interactions has recently
been proposed in Ref. [15], where it is shown how to imple-
ment arbitrary n-controlled gates with minima ancilla require-
ments. The physical resources spent by this strategy will be
governed by the quantum circuit complexity, but no adiabatic
constraint will be required in the individual implementation
of the quantum gates. Moreover, the gates will be determin-
istically implemented with probability one as long as deco-
herence effects can be avoided. This analog approach allows
for fast implementation of individual gates, whose time con-
sumption is only dictated by the quantum speed limit (QSL)
(for closed systems, see Refs. [16–19]). Indeed, the time de-
manded for each gate will imply an energy cost, which in-
creases with the desired speed of the evolution.
The paper is organized as follows. In Sec. II, we discuss the
adiabatic gate teleportation protocol as originally proposed in
Ref. [6], by explictly extending it to arbitrary n-qubit gates.
In Sec. III, we derive a shortcut for the adiabatic teleportation
of n-qubit gates, showing that it can be used to implement
universal QC. Moreover, since no adiabaticity is required, we
also analyze the energetic cost for implementing superadia-
batic universal QC via adiabatic gate teleportation. Section IV
is devoted to our conclusions.
II. UNIVERSAL QC VIA ADIABATIC TELEPORTATION
A. Adiabatic teleportation of one-qubit states
Given an unknown state |ψ〉 = a |0〉 + b |1〉, where |a|2 +
|b|2 = 1, adiabatic teleportation can be implemented through
the Hamiltonian [6]
H0 (s) = ηi (s) Hi + η f (s) H f , (1)
where ηi (0) = η f (1) = 1, ηi (1) = η f (0) = 0, and
Hi = −ω~ (1XX + 1ZZ) , (2)
H f = −ω~ (XX1 + ZZ1) , (3)
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2where X and Z are Pauli spin- 12 operators and s = t/τ is
the normalized time, with τ the total evolution time. The
state of the system at t = 0 is prepared as |φ(0)〉 =
(1/
√
2) |ψ〉 (|00〉 + |11〉). To prove that teleportation happens,
we must show that the final state of the system is given by
(1/
√
2) (|00〉 + |11〉) |ψ〉. A scheme of the process is shown in
Fig. 1.
FIG. 1. (Color online) Adiabatic teleportation of a single qubit (red
particle). The quantum state initially encoded in qubit 1 (t = 0) is
teleported to qubit 3 (t = τ), with a Bell pair (blue particles) used a
resource for the protocol.
It is important to notice that the Hamiltonian H0 (s) acts
only on qubits 2 and 3 for s = 0, only on qubits 1 and 2 for
s = 1, and on all the 3 qubits for 0 < s < 1. Since H0 (s)
is doubly degenerate, the adiabatic theorem implies solely in
the decoupled evolution of the eigenspaces of H0 (s). Then,
in order to show the success of the adiabatic teleportation via
H0 (s), Bacon and Flammia [6] proceeded by developing an
analysis based on logical qubits. Here, we devise an alterna-
tive derivation, which is based directly on the symmetries of
H0(s). First, consider the commutation relations[
H0 (s) ,Πz
]
= [H0 (s) ,Πx] = 0 , (4)
with Πz = ZZZ and Πx = XXX. For a state of the computa-
tional basis {|nmk〉} we have
Πz |nmk〉 = (−1)n+m+k |nmk〉 , (5)
Πx |nmk〉 =
∣∣∣n¯m¯k¯〉 , (6)
where we have defined |0¯〉 ≡ |1〉 and |1¯〉 ≡ |0〉. Notice
that Πz and Πx are parity operators, each of them associated
with a Z2 symmetry of the Hamiltonian. Now, let us define
the sets {|nmk〉±} given by vectors of the computational basis
with Πz eigenvalues ±1. Then, from the commutation of the
Hamiltonian H0 (s) with Πz, we obtain that parity is conserved
throughout the evolution, which means that we can conve-
niently write H0 (s) in a block-diagonal basis
H0 (s) =
(
H+4×4 (s) ∅4×4∅4×4 H−4×4 (s)
)
, (7)
where the basis has been ordered in terms of {|nmk〉+, |nmk〉−}.
In addition, the symmetry Πx ensures a relationship between
the elements of H+4×4 (s) and H
−
4×4 (s) so that, if we conve-
niently sort the computational basis in the parity subspaces
{|nmk〉+} and {|nmk〉−}, we find that H+4×4 (s) = H−4×4 (s).
In fact, by computing the matrix elements of H+4×4 (s) and
H−4×4 (s) and by using that Πx|nmk〉+ = |n¯m¯k¯〉−, we get
−〈n¯′m¯′k¯′|H0 (s) |n¯m¯k¯〉− = +〈n′m′k′|H0 (s) |nmk〉+ . (8)
Then, by computing the spectrum of H±4×4 (s), we com-
pletely determine the spectrum of H0 (s). More specifically,
the energies associated with H±4×4 (s) read as
E0 (s) = −2ω~
√
η2i (s) + η
2
f (s) , (9)
E1 (s) = E2 (s) = 0 , (10)
E3 (s) = 2ω~
√
η2i (s) + η
2
f (s), (11)
with the gap between the ground state and the first excited
state given by
ε (s) = 2ω~
√
η2i (s) + η
2
f (s). (12)
We can observe that ε (s) , 0 ∀s ∈ [0, 1] because ηi (s) and
η f (s) never simultaneously vanish. To conclude the telepor-
tation of the initial state, it remains to show that the final state
of the third qubit is exactly |ψ〉. To this end, let us write the
initial and final states as
|φ (0)〉 = 1√
2
(a |0〉1 + b |1〉1) (|00〉23 + |11〉23) , (13)
|φ (1)〉 = 1√
2
(|00〉12 + |11〉12) (α |0〉3 + β |1〉3) , (14)
where the form of |φ (1)〉 is ensured by the adiabatic theorem,
with general coefficients α = α (a, b) and β = β (a, b). Now
notice that Eq. (13) implies that the coefficients a and b mul-
tiply the states of parity +1 and −1, respectively. In addi-
tion, Eq. (14) implies that the coefficients α (a, b) and β (a, b)
also multiply states of parity +1 and −1, respectively. Due
to the symmetry Πz, it follows that states of different pari-
ties evolve independently. Then, α = α (a) and β = β (b).
Moreover, since the evolution of the system is unitary, we
have that 〈φ (0) |φ (0)〉 = 〈φ (1) |φ (1)〉 = 1. This implies that
|α (a)|2 = |a|2 and |β (b)|2 = |b|2. Consequently, α (a) = aeiθa
and β (a) = beiθb , for any θa and θb real. On the other hand,
we can use the parity Πx to show that states of parities +1 and
−1 have identical evolution, since H+4×4 (s) = H−4×4 (s). Then,
θa = θb = θ. Hence,
|φ (1)〉 = 1√
2
(|00〉12 + |11〉12) (a |0〉3 + b |1〉3) , (15)
up to a global phase eiθ. This concludes the proof of the adia-
batic teleportation of a single qubit.
B. Adiabatic teleportation of n-qubit states
Let us begin by generalizing the previous protocol to imple-
ment now the adiabatic teleportation of an unknown two-qubit
state. In this direction, we will consider a quantum system
composed of six qubits. A scheme of the process is exhibited
in Fig. 2. The composite state to be teleported is prepared in
qubits 1 and 2 and the final state in qubits 5 and 6, with two
Bell pairs used as the resource for the protocol. Let us write
the state to be teleported as
|ψ〉12 = α |00〉12 + δ |01〉12 + γ |10〉12 + β |11〉12 , (16)
3FIG. 2. (Color online) Adiabatic teleportation of a two-qubit state
(red particles) . The composite state to be teleported is prepared in
qubits 1 and 2, with the final state of teleportation in qubits 5 and 6.
Two Bell pairs (blue particles) are used in the protocol.
The adiabatic teleportation of the initial state will be per-
formed through the Hamiltonian
HD (s) = 1even ⊗ Hodd (s) + Heven (s) ⊗ 1odd , (17)
where Heven (s) and Hodd (s) are given by H0(s) as given by
Eq. (1) acting over qubits labeled with even and odd indices,
respectively. Then, no interaction between the odd and even
sectors will occur. To determine the spectrum of HD (s) we
will make use of the following general result: Let us consider
Am×m and Bn×n as two operators such that Am×m
∣∣∣aµ〉 = aµ ∣∣∣aµ〉
and Bn×n
∣∣∣bη〉 = bη ∣∣∣bη〉, with the sets of eigenvalues {bη} and
{aµ} associated with the eigenvector bases {
∣∣∣bη〉} and {∣∣∣aµ〉},
respectively. Thus, if we consider an operator Ck×k, where
k = mn, such that Ck×k = Am×m ⊗ 1n×n + 1m×m ⊗ Bn×n, then∣∣∣cµη〉 = ∣∣∣aµ〉⊗ ∣∣∣bη〉 are the eigenvectors of Ck×k associated with
the eigenvalues cµη = aµ + bη. Bearing in mind this result, the
spectrum of HD (s) is simply given by
Ekl (s) = Eoddk (s) + E
even
l (s) , (18)
where Eoddk (s) and E
even
k (s) are given by Eqs. (9), (10),
and (11). By using Eq. (18), we show that the gap of the
HD (s) is εD (s) = E01 (s) − E00 (s) = ε (s), where ε (s) was
determined by Eq. (12). As each sector has the symmetries
Πx and Πz, we define the operators
Πz odd ≡ 1 ⊗ Πz , Πz even ≡ Πz ⊗ 1,
Πx odd ≡ 1 ⊗ Πx , Πx even ≡ Πx ⊗ 1,
where the left operators in the tensor product act on the even
sector, with the right operators acting on the odd sector. It
then follows that these operators (and their) products are Z2
symmetries of HD (s). Considering the symmetry operator
ΠDz = Πz even Πz odd, we then write
HD (s) =
(
H+32×32 (s) ∅32×32∅32×32 H−32×32 (s)
)
, (19)
where H±32×32 (s) acts on the states of parity ±1 of the operator
ΠDz . By using now the symmetry Π
D
x = Πx evenΠx odd , we can
choose the order of the basis such that H+32×32 (s) = H
−
32×32 (s).
In addition, by using the symmetries Πz odd and Πz even of each
sector we get
HD (s) =

Hα (s) ∅ ∅ ∅
∅ Hβ (s) ∅ ∅
∅ ∅ Hγ (s) ∅
∅ ∅ ∅ Hδ (s)
 , (20)
where we have considered the specific parity ordering
{|E〉+ |O〉+ , |E〉− |O〉− , |E〉− |O〉+ , |E〉+ |O〉−} in the computa-
tional basis, with the definitions |E〉 ≡ |n2n4n6〉 and |O〉 ≡
|n1n3n5〉. Moreover, by using the symmetries of HD(s)
with respect to Πx odd and Πx even, we find that the blocks{
Hα(s),Hβ(s),Hγ(s),Hδ(s)
}
are identical by a suitable orga-
nization of the basis vectors.
To show that double teleportation can indeed be adiabati-
cally implemented via the Hamiltonian HD (s), let us denote
the initial and final states as given by
|φ (0)〉 = |ψ〉12 |β00〉35 |β00〉46 , (21)
|φ (1)〉 = |β00〉12 |β00〉13
∣∣∣ψ˜〉
56
, (22)
where |β00〉 = 1/
√
2 (|00〉 + |11〉) and
∣∣∣ψ˜〉
56
reads as
|ψ〉56 = α˜ |00〉56 + δ˜ |01〉56 + γ˜ |10〉56 + β˜ |11〉56 . (23)
Note that, since HD(s) is degenerate, we cannot associate |ψ〉56
directly to |ψ〉12. However, Eq. (20) implies into a dynamics
such as ξ˜ = ξ˜ (ξ), where ξ˜ =
{
α˜, δ˜, γ˜, β˜
}
and ξ = {α, δ, γ, β}.
This is because each element of the set {α, δ, γ, β} is in a dis-
tinct parity sector. Moreover, unitarity of the evolution leads
to
∣∣∣ξ˜ (ξ)∣∣∣2 = |ξ|2, which yields ξ˜ = ξeiϕξ . By using now the par-
ity operators Πx odd and Πx even, we can show that the blocks
in the Hamiltonian provided by Eq. (20) are identical (by suit-
ably ordering the basis) so that the parameters ϕξ are globally
defined, namely, ϕξ ≡ ϕ (∀ ξ). Hence, we conclude that the
state of the qubits 5 and 6 at the final of the process reads as
|ψ〉56 = α |00〉56 + δ |01〉56 + γ |10〉56 + β |11〉56 , (24)
up to the global phase eiϕ. We can extend this protocol to per-
form teleportation of an unknown state of n qubits. In this di-
rection, we need to increase the number of sectors and define
a Hamiltonian given by Hmult (t) =
∑n
k=1 Hk (t), where each
Hk (t) is given by Eq. (1), which acts on an individual sector
composed by three qubits. Consequently, n Bell pairs will be
used as a resource for the process. A scheme of such general-
ized protocol is presented in Fig. 3. The Hamiltonian Hmult(t)
displays a 2n-fold degenerate ground state, which decouples
from the rest of the spectrum in the adiabatic dynamics. Tele-
portation of the n-qubit state will then follow from the z and x
parity symmetries in each individual sector.
FIG. 3. (Color online) Adiabatic teleportation of an n-qubit state. In
each three-qubit sector we have a qubit to be teleported (red particle)
and a Bell pair (blue particles).
4C. Adiabatic teleportation of unitary n-qubit gates
In the one-qubit gate teleportation protocol, Alice starts
with an unknown state |ψ〉 at qubit 1 and shares a rotated Bell
pair U3 |β00〉23 with Bob (prepared by a third party Charlie).
Then, by applying the usual teleportation procedure, Bob re-
ceives U3 |ψ〉 at the end of the protocol with probability one
as long as decoherence can be neglected. In order to imple-
ment the adiabatic version of gate teleportation, we define the
gate to be implemented over qubit 3 as U = 1112U3, where
U†3U3 = 13. Then, as shown in Ref. [6], the time-dependent
Hamiltonian H0 (s,U) able to adiabatically implement the
teleportation of the gate U can be determined from the origi-
nal Hamiltonian H0(s) for one-qubit teleportation through the
rotation
H0 (s,U) = UH0 (s) U†. (25)
Indeed, this can be understood directly from the symmetries
of H0 (s,U). Since commutation relations are preserved by
rotations [20], H0 (s,U) is Z2-symmetric under the parity op-
erators Πz (U) = ZZ
(
U3ZU
†
3
)
and Πx (U) = XX
(
U3XU
†
3
)
.
Then, we can show the teleportation of the gate U by work-
ing the computational basis rotated by U. In this new basis,
the matrix form of H0 (s,U) is identical to that of the origi-
nal H0 (s), which implies that the same argument used to the
simple teleportation performed by H0 (s) is applicable to case
of the Hamiltonian H0 (s,U). The gap of H0 (s,U) is also
given by (12) because the spectrum of the operator will not
change by a unitary transformation [20]. Hence, the initial
state |φ (0,U)〉 = |ψ〉1 U3 |β00〉23 (with the rotated Bell pair
provided by Charlie) will be adiabatically evolved into the fi-
nal state |φ (1,U)〉 = |β00〉12 U3 |ψ〉3.
In order to perform universal QC via adiabatic teleporta-
tion, Ref. [6] specifically worked out a Hamiltonian to adia-
batically implement the teleportation of the controlled-phase
gate. Here, we extend the protocol to adiabatically imple-
ment an arbitrary n-qubit unitary gate. By focusing first on
two-qubit gates, we use as a fundamental resource the double
teleportation protocol, as described in Sec. II B. More specif-
ically, we can show that any two-qubit gate U can be imple-
mented by the Hamiltonian
HD (s,U) = UHD (s) U†,
where HD (s) is provided by Eq. (17) and U = U56 is the gate
to be performed at the final time in the qubits of the Bob. As in
the case of single qubits, we have that the spectra of HD (s,U)
and HD (s) are identical. Then, to show that the two-qubit
gate teleportation takes place through the adiabatic dynamics
dictated by HD (s,U), we make use of the following rotated
parity symmetry operators:
Πz sec (U) = UΠDz secU
† , Πx sec (U) = UΠDz secU
†,
Πx (U) = UΠDx U
† , Πz (U) = UΠDz U
†,
where sec = {even, odd}. Bearing in mind that Charlie pro-
vides rotated Bell pairs, we have at s = 0 the initial state
|φ (0,U)〉 = U56 |φ (0)〉, where |φ (0)〉 is given by Eq. (21). In
the rotated basis, the matrix form of HD (s,U) is also equiva-
lent to the matrix form of HD (s) as given in the original basis,
from which it follows that at the final of the process the state
of the system will by |φ (1,U)〉 = U56 |φ (1)〉, where |φ (1)〉 is
given by Eq. (24). Concerning the adiabatic teleportation of
an n-qubit gate Un, it can be implemented from the simple
adiabatic teleportation of an n-qubit state, as previously de-
scribed. The Hamiltonian that adiabatically implements this
task is then Hmult (t,Un) = UnHmult (t) U
†
n . This allows for
universal QC by using a variety of sets of universal gates, e.g.,
the set composed by Hadamard added by three-qubit Toffoli
gates [21, 22].
III. SUPERADIABATIC QC VIA TELEPORTATION
A. Shortcut to adiabaticity
We can obtain fast piecewise implementation of quantum
gates via shortcuts to adiabaticity [11–14], whose evolution
time will not be constrained by the adiabatic theorem. We
begin by defining the evolution operator
U (t) =
∑
n
e−
i
~
∫ t
0 dτEn(τ)e−
∫ t
0 dτ〈n|∂τn〉 |n(t)〉 〈n(0| , (26)
where {|n(t)〉} denotes the instantaneous eigenstate basis of a
general time-dependent Hamiltonian H0(t). The evolution op-
erator U(t) leads an initial state |ψ(0)〉 = |n(0)〉 into an evolved
state |ψ (t)〉 given by
|ψ (t)〉 = e− i~
∫ t
0 dτEn(τ)e−
∫ t
0 dτ〈n|∂τn〉 |n(t)〉 , (27)
which mimics the adiabatic evolution of H0(t). Remarkably,
such an evolution can be dictated with no adiabatic constraint
by the superadiabatic Hamiltonian HSA (t), which reads as
HSA (t) = H0 (t) + HCD (t) , (28)
where the additional term HCD (t) is known as the counter-
diabatic Hamiltonian. This contribution is shown to be [11–
14]
HCD (t) = i~
∑
n
(|∂tn〉 〈n| + 〈∂tn|n〉 |n〉 〈n|) , (29)
where |∂tn〉 is the time derivative of |n(t)〉. In particular, we
have 〈∂tn|n〉 = 0 in Eq. (29) for real Hamiltonians. We observe
that the terminology superadiabaticity has originally been in-
troduced by Berry in Ref. [23] (see also Ref. [24]) as a sys-
tematic procedure of adiabatic iterations, aiming at produc-
ing successive adiabatic approximants in processes with finite
slowness. Here, we use the term superadiabatic Hamiltonian
in a different scenario, which means a Hamiltonian capable
to yield a shortcut to adiabaticity through the presence of a
counter-diabatic driving (see Ref. [25, 26] for a comparison
between these two approaches).
Note that a superadiabatic implementation of an arbitrary
evolution involves the knowledge of the eigenstates of the adi-
abatic Hamiltonian H0 (t). In some situations, this can be im-
plemented in realizable settings. For instance, there have been
5driving protocols proposed for assisted evolutions in quantum
critical phenomena [27–29]. On the other hand, as a shortcut
to accelerate QC, the application of superadiabaticity is chal-
lenging. Here, as we shall see, the superadiabatic implemen-
tation of gate teleportation as a primitive for universal QC can
be promptly achieved, since we deal with the eigenspectrum
of piecewise Hamiltonians, which act over a few qubits.
B. Superadiabatic teleportation of n-qubit states
To derive the superadiabatic version of the teleportation
of n-qubit states, we need to determine the counter-diabatic
Hamiltonian HCD(s) associated with the Hamiltonian H0(s) as
given by Eq. (1). By evaluating the eigenstates of the blocks
H±4×4 (s) in Eq. (7), we get∣∣∣E±0 (s)〉 =
ηi + χη f ,
[
χ − η f
] [
χ + ηi
]
ηiη f
,
χ − η f
ηi
, 1
 , (30)∣∣∣E±1 (s)〉 = ( ηiη f − 1,− ηiη f , 0, 1
)
, (31)
∣∣∣E±2 (s)〉 = (− ηiη f , ηiη f + 1, 1, 0
)
, (32)
∣∣∣E±3 (s)〉 = (ηi − χη f , η f − ηi + χηi − η f + χ,−η f + χηi , 1
)
, (33)
where η = η (s) and
∣∣∣E±n (s)〉 are the non-normalized eigen-
states of H±4×4 (s), with the function χ defined as χ = χ(s) ≡√
η2i (s) + η
2
f (s). The counter-diabatic Hamiltonian HCD(s)
can now be found by observing that the Z2 symmetries of
the adiabatic Hamiltonian remain in the superadiabatic theory.
We enunciate this result by establishing the theorem following
(the proof is in the Appendix A).
Theorem 1 Consider a time-dependent Hamiltonian H0 (t)
such that
[
H0 (t) ,Πz
]
= 0 and [H0 (t) ,Πx] = 0, where Πz and
Πx are z and x parity operators, respectively. Then, the su-
peradiabatic Hamiltonian HSA(t) associated with H0 (t) also
satisfies
[
HSA (t) ,Πz
]
= 0 and [HSA (t) ,Πx] = 0.
From Theorem 1 we can write
HSA (s) =
[
H+SA (s) ∅∅ H−SA (s)
]
, (34)
with H±SA (s) ≡ H±4×4 (s) + H±CD (s) and H+SA (s) = H−SA (s).
Since the set
{∣∣∣E±n (s)〉} is real, we can write the counter-
diabatic Hamiltonian as
H±CD (s) = i
~
τ
3∑
n=0
∣∣∣∂sE±n (s)〉 〈E±n (s)∣∣∣ (35)
Now, let us move on to the implementation of the superadi-
abatic double teleportation. To this end, we consider a general
time-dependent Hamiltonian H0 (s), which is split out as
H0 (s) = HA0 (s) ⊗ 1B + 1A ⊗ HB0 (s) , (36)
where HA0 (s) and H
B
0 (s) are associated with piecewise super-
adabatic Hamiltonians given by HASA (s) and H
B
SA (s), respec-
tively. Thus, we can write
HSA (s) = HASA (s) ⊗ 1B + 1A ⊗ HBSA (s) . (37)
As a consequence, by taking the Hamiltonian of the double
teleportation as given by Eq. (17), we have that the superadi-
abatic Hamiltonian for the double teleportation is
HDSA (s) = 1even ⊗ HoddSA (s) + HevenSA ⊗ (s)1odd ,
where HoddSA (s) and H
even
SA (s) are the superadiabatic Hamil-
tonians for each parity sector. Extension for the teleporta-
tion of n-qubit states can be achieved by adding more Z2-
symmetry sector, with the superadiabatic Hamiltonian given
by HSAmult =
∑n
k=1
(
⊗k−1i=11i
)
⊗HSAk (t)⊗
(
⊗Nj=k+11 j
)
, where HSAk (t)
denotes the superadiabatic Hamiltonian associated with Hk(t),
with each Hk (t) [given by Eq. (1)] acting on an individual sec-
tor composed by three qubits.
C. Superadiabatic teleportation of n-qubit gates
In order to perform superadiabatic universal QC we need to
show how to implement unitaries of one and two qubits with
this model. To this end, we devise the the following theorem
(the proof is given in the Appendix B).
Theorem 2 Consider two time-dependent Hamiltonians
H0 (t) and H0 (t,G) such that H0 (t,G) = GH0 (t) G†, with G
denoting a unitary transformation. Then, the superadiabatic
Hamiltonian associated with H0 (t,G) can be written as
HSA (t,G) = GHSA (t) G† (38)
where HSA (t) is the superadiabatic Hamiltonian of H0 (t).
Since Theorem 2 holds for any unitary operator G and any
time-dependent Hamiltonian, we can use it to superadiabat-
ically implement any unitary transformation of n qubits. In
particular, by focusing on one and two qubit gates, we can re-
alize universal QC whose primitives are fast local Hamiltoni-
ans. For instance, to implement a one-qubit gate teleportation,
the superadiabatic Hamiltonian HSA (t) is given by Eq. (34),
while for the case of gate teleportation of two qubits we must
consider HSA(t) such as given by Eq. (37). An important point
is that, in the case of superadiabatic evolutions for rotated sys-
tems, the initial state is also required to be rotated (by the third
party Charlie) so that the final state contains the teleported
gate.
D. Energetic cost of superadiabatic gate teleportation
The shortcut via a counter-diabatic Hamiltonian can yield
an evolution that is faster than the adiabatic dynamics, but how
much faster? This question has been answered for a general
superadiabatic evolution in Ref. [15] through the analysis of
6the quantum speed limit (QSL) bounds [16–19] applied to su-
peradiabatic dynamics. In particular, as shown in Ref. [15],
the total time τ in superadiabatic evolutions can be arbitrarily
reduced for any initial and final states as long as energy is in-
jected in the system. More specifically, we may have τω→ 0,
with ω denoting the energy scale of the system. To quantify
the expense of energy in a superadiabatic evolution, we adopt
the cost measure (see also Refs. [30, 31])
Σ(τ) =
1
τ
∫ τ
0
‖H (t)‖ dt , (39)
where ‖A‖ = √Tr [A†A]. Then, for any superadiabatic Hamil-
tonian HSA(t), we obtain
Σ(τ) =
1
τ
∫ τ
0
√∑
m
[
E2m (t) + ~2µm (t)
]
dt , (40)
where {Em (t)} is the set of energies of the adiabatic Hamilto-
nian H0 (t) and
µm (t) = 〈∂tm (t) |∂tm (t)〉 − |〈m (t) |∂tm (t)〉|2 . (41)
Equation (40) shows an increase in the energetic cost to su-
peradiabatic evolutions compared to their adiabatic counter-
parts. Let us now evaluate the energetic cost to implement uni-
versal QC via teleportation. To this end, we calculate first the
cost of single and double state teleportation and then extend
the analysis for the cost of the implementation of quantum
gates. By parametrizing the evolution in terms of the normal-
ized time s = t/τ, the energetic cost Σsingle for the teleportation
of a single qubit reads as
Σsingle =
∫ 1
0
√∑
m
[
E2m (s) + ~2
µm (s)
τ2
]
ds , (42)
where µm (s) = 〈∂sEm (s) |∂sEm (s)〉, which is a consequence
of the fact that the set of eigenvalues of H0 (s) is real. To
illustrate the dependence of the energetic cost on the evolu-
tion path adopted, we will choose three interpolations: (i)
linear interpolation, with ηi (s) = 1 − s and η f (s) = s;
(ii) trigonometric interpolation, with ηi (s) = cos (pis/2) and
η f (s) = sin (pis/2); and (iii) exponential interpolation, with
ηi (s) =
(
e1−s − 1
)
/ (e − 1) and η f (s) = (es − 1) / (e − 1).
Then, we numerically evaluate the energetic cost as a func-
tion ofωτ of by applying Eq. (42) to each interpolation, which
is plotted in Fig. 4. In this plot, we explicitly show that the su-
peradiabatic evolution recovers the cost of its adiabatic coun-
terpart at the limit of infinite ωτ. Notice also that the usual
linear interpolation is not the less costly option of interpola-
tion. Moreover, the plot is in agreement with the energy-time
complementarity relationship, with the faster evolutions cost-
ing more energy than slower dynamics. The energetic cost to
implement the superadiabatic teleportation of an unknown n-
qubit state can be provided in terms of the cost to implement
the single teleportation as (see Appendix C)
Σn = gn Σsingle, (43)
FIG. 4. (Color online) Energetic cost as a function of τω for both
adiabatic and superadiabatic dynamics of single qubit teleportation.
Notice that the superadiabatic cost recovers the cost of its adiabatic
counterpart in the limit τω→ ∞.
where we define the function gn =
√
23(n−1)n. Moreover, the
cost to implement gate teleportation of n qubits via superadi-
abatic evolution is also given by Eq. (43) due to the invariance
of the Hilbert-Schmidt norm by unitary rotations. Note that
the factor gn exponentially increases with n. In any case, this
is not a problem to perform universal QC with one and two
qubits. In that case, we have g2 = 4 and g3 = 8
√
3, respec-
tively.
IV. CONCLUSION
We introduced a general shortcut to the adiabatic gate tele-
portation model of quantum computation. Moreover, the
model has been generalized to include the teleportation of an
arbitrary n-qubit unitary gate. In particular, we have shown
through Theorem 2 that the superadiabatic Hamiltonian for
the teleportation of an n-qubit state can be directly used to
implement the teleportation of an n-qubit gate U through a
simple U rotation over the original superadiabatic Hamilto-
nian. As a main result of the work, we have shown that it is
possible to devise fast local Hamiltonians to perform telepor-
tation of one and two qubits as a primitive of universal QC. To
analyze the energetic cost of the superadiabatic evolution, we
considered the time-energy complementary relationship. In
this context, it has been shown that the superadiabatic imple-
mentation is always more costly than its adiabatic counterpart,
reducing to it in the limit of a long evolution time.
Implications of the superadiabatic approach applied to gate
teleportation in a decohering environment is a further chal-
lenge of interest. In open systems, there is a competition be-
tween the adiabatic time scales, which require a long evolu-
tion, and the decoherence characteristic times, which require
fast evolution. In this scenario, the superadiabatic implemen-
tation may provide a direction to obtain an optimal running
time for the quantum algorithm while keeping an inherent pro-
tection against decoherence. A basis for such analysis may
be provided by the generalization of the superadiabatic the-
7ory for the context of open systems (see, e.g., Refs. [32–35]).
The robustness of superadiabatic gate teleportation as well as
experimental proposals are left for future research.
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Appendix A: Proof of the Theorem 1
The proof of Theorem 1 can be obtained as follows. If a
time-dependent Hamiltonian H0 (t) satisfies the commutation
relation
[
H0 (t) ,Πz
]
= 0, then we can write
[
HSA (t) ,Πz
]
=[
HCD (t) ,Πz
]
. As Πz and H0 (t) have a common basis of
eigenstates, an eigenstate |n (t)〉 of H0 (t) has a definite Πz
parity so that we can write Πz |n (t)〉 = (−1)n |n (t)〉 (by en-
coding the parity into the label n). By using Πz |∂tn (t)〉 =
(−1)n |∂tn (t)〉 it follows that HCD (t) Πz = ΠzHCD (t), thus im-
plying
[
HSA (t) ,Πz
]
= 0. To complete the demonstration,
from the hypothesis that [H0 (t) ,Πx] = 0 is satisfied, we write
[HSA (t) ,Πx] = [HCD (t) ,Πx]. Then, let us denote a matrix
element of [HCD (t) ,Πx] in the basis of eigenstates of H0 (t)
as
[HCD (t) ,Πx]kl = 〈k (t) | [HCD (t) ,Πx] |l (t)〉 . (A1)
We now use that Πx |n (t)〉 = |n′ (t)〉, where |n (t)〉 and |n′ (t)〉
are eigenstates of the parity operator Πz, with opposite eigen-
values. Moreover, Πx |∂tn (t)〉 = |∂tn′ (t)〉. Then
(HCD (t) Πx)kl = i~
[〈
k (t) |∂tl′ (t)〉 + 〈∂tl′ (t) |l (t)〉 〈k (t) |l′ (t)〉]
= (ΠxHCD (t))kl . (A2)
Thus [HCD (t) ,Πx]kl = 0 ∀ (k, l). This proves Theorem 1 .
Appendix B: Proof of the Theorem 2
In order to prove Theorem 2, consider two Hamiltoni-
ans H (t) and H (t,G) such that H (t,G) = GH (t) G†, with
GG† = 1. The set of eigenvectors |n (s) ,G〉 of the Hamilto-
nian H (t,G) can be determined from the set of eigenvectors
|n (s)〉 of adiabatic Hamiltonian H (s) as follows
|n (t) ,G〉 = G |n (t)〉 . (B1)
Thus, the counter-diabatic Hamiltonian associated with
H (s,G) is given by
HCD (s,G) =
i~
τ
∑
n
|∂sn,G〉 〈n,G|+ 〈∂sn,G|n,G〉 |n,G〉 〈n,G| .
(B2)
Then, by using Eq. (B1), we can show that
HCD (s,G) = G
 i~τ ∑
n
|∂sn〉 〈n| + 〈∂sn|n〉 |n〉 〈n|
G†, (B3)
where we have used that |∂sn,G〉 = G |∂sn〉 and GG† = 1.
Hence, we can write
HCD (s,G) = GHCD (s) G†. (B4)
Eq. (B4) implies that HSA (t,G) = GHSA (t) G†. This proves
Theorem 2.
Appendix C: Proof of Eq. (43)
In order to demonstrate Eq. (43), let us write the adiabatic
Hamiltonian that is used to perform the n-qubit state telepor-
tation as
HSA (s) =
n∑
k=1
HSAk (s) (C1)
whereHSAk (s) =
(
⊗k−1l=11l
)
⊗HSAk (s)⊗
(
⊗nl=k+11l
)
, withHSAk (s)
being a three-qubit Hamiltonian for each independent sector,
as displayed in Fig. 3 . Then, the energetic cost for the n-qubit
superadiabatic teleportation reads as
Σn =
∫ 1
0
ds
√
Tr
[
H2SA (s)
]
, (C2)
where we can write
H2SA (s) =
n∑
k=1
[
HSAk (s)
]2
+
∑
m,k
∑
k
HSAk (s)HSAm (s)
 . (C3)
Now, we use that, for k , m, we get
Tr
[
HSAk (s)HSAm (s)
]
= (Tr [1])n−2 Tr
[
HSAk (s)
]
Tr
[
HSAm (s)
]
.
(C4)
Then, we write Tr
[
HSAj (s)
]
= Tr
[
H(0)j (s) + H
CD
j (s)
]
, where
H(0)j (s) is the original (adiabatic) Hamiltonian at sector j
and HCDj (s) its corresponding counter-diabatic Hamiltonian.
By explicitly computing the trace in the eigenstate basis of
H(0)j (s) and by using Eqs. (9)-(11) and (29), we obtain that
Tr
[
HSAj (s)
]
= 0 (∀ j ∈ {1, · · · , n}), which implies
Tr
[
HSAk (s)HSAm (s)
]
= 0 (k , m) . (C5)
Thus, the energetic cost for the n-qubit state teleportation
reads as
Tr
[
H2SA (s)
]
=
n∑
k=1
Tr
{[
HSAk (s)
]2}
= (Tr [1])n−1
n∑
k=1
Tr
{[
HSAk (s)
]2}
= 23(n−1) n Tr
{[
HSAk (s)
]2}
(∀k) . (C6)
8Hence, Eq. (C6) into Eq. (C2) yields
Σn =
√
23(n−1)nΣsingle , (C7)
which proves the validity of Eq. (43).
[1] C. H. Bennett, G. Brassard, C. Crpeau, R. Jozsa, A. Peres, and
W. K. Wootters, Phys. Rev. Lett. 70, 1895 (1993).
[2] H. Takesue, S. D. Dyer, Martin J. Stevens, Varun Verma,
Richard P. Mirin, and Sae Woo Nam, Optica 2, 832 (2015).
[3] X.-S. Ma, T. Herbst, T. Scheidl, D. Wang, S. Kropatschek, W.
Naylor, B. Wittmann, A. Mech, J. Kofler, E. Anisimova, V.
Makarov, T. Jennewein, R. Ursin, and A. Zeilinger, Nature 489,
269 (2012).
[4] D. Gottesman and I. L. Chuang, Nature 402, 390-393. (1999).
[5] H. J. Briegel, D. E. Browne, W. Du¨r, R. Raussendorf and M.
Van den Nest, Nature Phys. 5 19 (2009).
[6] D. Bacon and S. T. Flammia, Phys. Rev. Lett. 103, 120504
(2009).
[7] I. Hen, Phys Rev A 91, 022309 (2015).
[8] A. Barenco, C. H. Bennett, R. Cleve, D. P. DiVincenzo, N. Mar-
golus, P. Shor, T. Sleator, J. A. Smolin and H. Weinfurter, Phys.
Rev. A 52, 3457 (1995).
[9] M. A. Nielsen and I. L. Chuang, Quantum computation and
quantum information (Cambridge University Press, Cambridge,
UK, 2000).
[10] A. Messiah Quantum mechanics (North-Holland, Amsterdam,
1962).
[11] M. Demirplak and S. A. Rice, J. Phys. Chem. A 107, 9937
(2003).
[12] M. Demirplak and S. A. Rice, J. Phys. Chem. B 109, 6838
(2005).
[13] M. V. Berry, J. Phys. A: Math. Theor. 42, 365303 (2009).
[14] E. Torrontegui, S. Ibez, S. M.-Garaot, M. Modugno, A. del
Campo, D. G.-Odelin, A. Ruschhaupt, X. Chen and J. G. Muga,
Adv. At. Mol. Opt. Phys. 62, 117 (2013).
[15] A. C. Santos and M. S. Sarandy, Sci. Rep. 5, 15775 (2015).
[16] L. Mandelstam and I. G. Tamm, J. Phys. (USSR) 9, 249 (1945).
[17] N. Margolus and B. Levitin, Physica D 120, 188 (1998).
[18] V. Giovannetti, S. Lloyd and L. Maccone, Phys. Rev. A 67,
052109 (2003)
[19] S. Deffner and E. Lutz, J. Phys. A: Math. Theor. 46, 335302
(2013).
[20] J. J. Sakurai, Modern quantum mechanics (Addison-Wesley,
USA, 1994).
[21] Y. Y. Shi, Quantum Information and Computation 3, 84 (2003).
[22] D. Aharonov, e-print: arXiv:quant-ph/0301040 (2003).
[23] M. V. Berry, Proc. R. Soc. A 414, 31 (1987).
[24] M. V. Berry, Proc. R. Soc. A 429, 61 (1990).
[25] S. Iba´n˜ez, Xi Chen, E. Torrontegui, J. G. Muga and A.
Ruschhaupt, Phys. Rev. Lett. 109, 100403 (2012).
[26] S. Iba´n˜ez, Xi Chen, and J. G. Muga, Phys. Rev. A 87, 043402
(2013).
[27] A. del Campo, M. M. Rams and W. H. Zurek, Phys. Rev. Lett.
109, 115703 (2012).
[28] A. del Campo, Phys. Rev. Lett. 111, 100502 (2013).
[29] H. Saberi, T. Opatrny, K. Molmer and A. del Campo, Phys. Rev.
A 90, 060301(R) (2014).
[30] Y. Zheng, S. Campbell, G. De Chiara and D. Poletti,
arXiv:1509.01882 (2015).
[31] M. Kieferova´ and N. Wiebe, New J. Phys. 16 123034 (2014).
[32] J. Jing, L.-A. Wu, M. S. Sarandy and J. G. Muga, Phys. Rev. A
88, 053422 (2013).
[33] G. Vacanti, R. Fazio, S. Montangero, G. M. Palma, M. Pater-
nostro and V. Vedral, New J. Phys. 16, 053017 (2014).
[34] J. Jing and L.-A. Wu, Science Bull. 60, 328 (2015).
[35] X.-K. Song, H. Zhang, Q. Ai, J. Qiu and F.-G. Deng,
arXiv:1509.00097 (2015).
